In this research we study the local and global dynamics of a model of American Cutaneous Leishmaniasis (ACL) with four species, human, donkeys, dogs and vectors and two reservoirs. Parameters are chosen from the literature. We investigate stability, existence of periodic orbits and some numerical simulations of the model.
Introduction
American Cutaneous Leishmaniasis (ACL) is a resurgent disease that is caused by Leishmania parasites ( [8] ), and transmitted by female phlebotomine sandflies (vectors) from reservoir hosts. This is why a reservoir host is considered to be the main factor in changing the dynamics of the disease. It is a parasitic disease occurring throughout the Americas from Texas to Argentina. Mathematical models of general dynamical systems have proved to be essential for the local and global study of numerous phenomena not only in biology but also in physics, astronomy and economics among many others. ACL unfortunately has not been studied thoroughly from the mathematical point of view when compared to other diseases such as malaria for instance ( [2] ). Leishmaniasis has caused high morbidity and mortality since thousands of years ago, having found representations of skin lesions and deformities of the face in pots of ancient cultures, as in the pre-Inca cultures of Peru and Ecuador (400-900 B.C.) ( [8] ).
Across America there are over 250 different types of these sandflies. In Venezuela more than 100 species of sandflies have been identified, of which thirty are known to bite man and only some have been incriminated as possible vectors ( [12] ).
A study of ACL as a four-dimensional discrete dynamical system is performed in ( [7] ). In ( [6] ) threshold conditions for the establishment of the disease are calculated, in the framework of a three-dimensional continuous system, which includes a study of stability of the equilibria. More recently in ( [4] ) the analytic and numeric dynamics of a three dimensional continuos model of ACL is studied. They consider the local as well as the global dynamics of the system involving one reservoir host involving infected individuals in humans, donkeys, dogs and vectors. The model object of our research is inspired in ones given in ( [1] ) and ( [4] ) which come from an outbreak in the town of Las Rosas, Cojedes State. Venezuela. We consider a four-dimensional continuos model with two species a reservoirs and particular coefficients taken from ( [6] ) and ( [7] ) study stability, existence of periodic orbits and some numerical implementations are performed in order to illustrate our analytic results.
The Model, Invariance and Dynamics
Let us denote the population of infected humans, donkeys, dogs and vectors as H = H(t), R = R(t), P = P (t), V = V (t) respectively. Here donkeys and dogs are considered to be potential reservoir hosts, and humans are only incidental hosts (they are sink but not source of infection). The main assumption for the model is that the net rate of spread of the infection is proportional to the product of the density of susceptible individuals and the density of infectious individuals. The parameters of the model (all positive) are β H , β R , β P : rate of infection per individual in vector-human, vector-donkey and vector-dog encounters respectively; γ H , γ R , γ P : rate of recovery per unit time of infected humans, donkeys and dogs respectively, and µ: rate of mortality of vectors per unit time ( [4, 6, 7] ).
In this paper we investigate the dynamics of the model with donkeys and dogs as reservoir hosts, which is given as ( [4] )
Assuming values of parameters as in [7] (experimentally obtained), β H = 0.000982, β R = 0.0000527, β P = 0.000085, γ H = 0.024, γ R = 0.0007, γ P = 0.003, µ = 0.42, A = 124, B = 28, C = 4807 and D = 43 (the very general case will be presented in a forthcoming paper), obtaining the system,
Definition 2.1. ([9, 10, 13]) A set E is said to be positively invariant (negatively invariant) with respect to the general system (1), if for each l ∈ E, ϕ(t, l) ∈ E, and ϕ(t, l) being solution of corresponding system starting at l, for all t ≥ 0 (t ≤ 0) respectively. When E is both, positively and negatively invariant it is called invariant.
We are interested only in the case of positively invariance motivated to biological reasons.
n be an open and connected set and
Proposition 2.1. The system (2) is cooperative in the rectangle described by
Proof. We begin by setting
and V ∈ [0, 4807] and noticing that for any (H, R, P, V ) ∈ E, system (2) can be written as in foregoing definition with
Actually, Hence system (2) is cooperative in E as desired.
In order to study positive invariance of (2) [9, 13] , we may consider < τ as one of the following relationships: <, ≤ or ; in particular we choose < τ as < for our purposes. We impose conditions on (3) in such a way that 0 < τ f 1 (x), 0 < τ f 2 (x), 0 < τ f 3 (x) and 0 < τ f 4 (x) on E and the following set of four inequalities shows up, Since (2) is cooperative (Proposition 2.1), it is ( [9, 13] ) positively invariant on sets W + and W − given as
We point out that set W + gives us an explicit upper bound for the number of infected humans when time goes by and initial values for H, R, P and V lie in this set. Now let us find the equilibria of the system (2). Notice that the origin is a trivial and non interesting equilibrium point. At any time V is assumed to be strictly positive, otherwise there is not transmission of infection. With this in mind, a nontrivial and unique equilibrium point, denoted as P e , shows up; P e = (69.6536, 19.6623, 20.2186, 31.3237). Now we study the local stability of the two equilibrium points found above. For this purpose we consider the corresponding Jacobian matrix associated to (2) with eigenvalues given by λ 1 = −0.0548, λ 2 = −0.4249, λ 3 = −0.0018, λ 4 = −0.0033, whence P e is locally asymptotically stable.
Periodic Orbits
In this section we show that system (2) has not periodic orbits, in particular when the entire population of dogs, vectors and donkeys are infected. Consider set E as before, it is easy to show that E is a convex set. We start off with the following Theorem 3.1. System (2) does not have attracting periodic orbits on E. Proof. For any (H, R, P, V ) ∈ E and by Proposition 2.1 the system (2) is cooperative in E Consequently the system (2) does not have attracting periodic orbits ( [9, 13] ).
Next step is, using the general Bendixon criterium( [11] , [14] ), determine the absence of periodic solutions for the system (1) and consequently for (2) . We consider the transpose of the Jacobian matrix of the system, which is given by,
So its corresponding symmetric matrix is
We must say that finding a general expression for eigenvalues of matrix S is not an easy task, so we rather use Matlab; vary the values of the parameters β H , β R , β P , γ H , γ R , γ P and µ and find that for R ≥ 2, P ≥ 0, V ≥ 3255 and H ∈ [0, 124] The eigenvalues of S satisfy that λ 1 ≥ λ 2 ≥ λ 3 ≥ λ 4 and λ 1 + λ 2 < 0 which means that there are not periodic solutions to the system (1)( [11] ) under the given conditions. Particularly for the system (2), we see the following results, If we suppose that the entire population of dogs, vectors and donkeys are infected, then we can conclude that the system (1) has not periodic solutions as set in the following Proof. When considering the populations of donkeys, dogs and vectors are fully infected, it holds that B − R = 0, D − P = 0 and C − V = 0. So S takes the following form,
By solving the equation |λI − S| = 0 we get the following eigenvalues for S,
with
2 > 0, then λ 3 and λ 4 are real; even more λ 3 ≥ λ 4 . On the other hand, due to the dynamics of the disease described in ( [7] ) it is possible to consider γ P ≥ γ R , in this case −γ R ≥ −γ P and consequently λ 1 ≥ λ 2 . Using matlab we can show, numerically, that λ 2 ≥ λ 3 . In conclusion,
Therefore the system does not have periodic solutions.
Corollary 3.1. In the presence of conditions given above, the system (2) does not have periodic orbits.
Connecting Orbits
We are interested in computing a connecting orbit from the origin to P e . This is of great importance because such a curve explicitly describes the path from non infected population to the stable state of infected individuals.
First we recall some known general facts about connecting orbits. Consider a dynamical system depending on a parameter ( [3] ),
where f : R m × R p → R m is assumed to be sufficiently smooth. In many instances it will be convenient to work with the variables z = (x, λ) ∈ R m+p and rewrite (4) 
m+p of this system is trivially foliated,
where Λ ⊂ R p is compact and the M (λ) s are compact invariant sets of (4). Let M + , M − ⊂ R m+p be sets of equilibria or periodic orbits. Any solution ϕ(t, l) of (5) is called a connecting orbit from
The tangent spaces of the corresponding stable and unstable manifolds should span the whole space and the intersection of such manifolds should be transversal. This guarantees the existence of an isolated connecting orbit between equilibria ( [4] ). We want to determine the number p of parameters for which we expect the connecting orbits above to be isolated and stable phenomena in the system (4) and consequently in (2) . In our particular case center manifold do not exist, thus we deal only with stable and unstable manifolds for the two critical points. From the general formula of p ( [4] )
where m +u and m −u represent the dimension of the unstable manifold of P e and the unstable manifold of the origin respectively. In our case we use (8) to determine the number of free parameters that allow us to establish a connection between the orbits of equilibrium points of the system (2). According to our previous analysis, m +u = 0 and m −u = 1; therefore p = 0 − 1 + 1 = 0, so that the connection between the two points of equilibrium can be established without free parameters.
Numerical Simulations
In order to make a better analysis of the system under study, some numerical simulations are performed and interpreted. Looking at Figure (1) it is clear that all functions representing species are increasing when time increases, meaning that the number of infected individuals increase when time passes and tends to reach the whole population. It means, among other things that some kind of perturbation or dissipation must be included in the model in order to keep the disease under control and consequently avoiding an epidemy. 
